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The N/D method with non-perturbative left-hand-cut discontinuity and the 1S0 NN
partial wave
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In this letter we deduce an integral equation that allows to calculate the exact left-hand-cut
discontinuity for an uncoupled S-wave partial-wave amplitude in potential scattering for a given
finite-range potential. The results obtained from theN/D method for the partial-wave amplitude are
rigorous, since now the discontinuities along the left-hand cut and right-hand cut are exactly known.
This solves the open question with respect to the N/D method and the effect on the final result of
the non-perturbative iterative diagrams in the evaluation of ∆(A). A big advantage of the method
is that short-range physics (corresponding to integrated out degrees of freedom within low-energy
Effective Field Theory) does not contribute to ∆(A) and it manifests through the extra subtractions
that are implemented within the method. We show the equivalence of the N/D method and the
Lippmann-Schwinger (LS) equation for a nonsingular 1S0 NN potential (Yukawa potential). The
equivalence between the N/D method with one extra subtraction and the LS equation renormalized
with one counter term or with subtractive renormalization also holds for the singular attractive
higher-order ChPT potentials. The N/D method also allows to evaluate partial-wave amplitudes
with a higher number of extra subtractions, that we fix in terms of shape parameters within the
effective range expansion. The result at NNLO shows that the 1S0 phase shifts might be accurately
described once the electromagnetic and charge symmetry breaking terms are included. Our present
results can be extended to higher partial waves as well as to coupled channel scattering.
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Since Weinberg proposal in the 1990s [1–3] to use
the framework of Chiral Effective Field Theory for the
nucleon-nucleon (NN) system, many works have been
published on this topic. The first attempts were per-
formed by Ordo´n˜ez, Ray and van Kolck [4, 5] giving po-
tentials in coordinate space. The Mu¨nich group calcu-
lated the perturbative NN amplitude at NNLO [6] and
Epelbaum, Glo¨ckle and Meißner developed an NNLO po-
tential [7, 8] that was widely used in nuclear systems. The
first high-precision Chiral potential was developed by En-
tem and Machleidt at N3LO [9, 10]. Recently an N4LO
potential has been developed by Epelbaum et al. [11] and
even high partial waves has been studied at N5LO [12].
Since the very beginning renormalization issues have
been pointed out and many works have been published
on this topic and on power counting issues [13–32]. How-
ever one of the main controversies is the range in which
the regulator cut-off used to regularize the singular inter-
actions should be used. One point of view is to use regula-
tors on a higher scale than the low energy scale of the Ef-
fective Field Theory (EFT), i.e., the pion mass (mpi), but
lower than the high energy scale, i.e., Λχ ∼ 1 GeV. This
approach works very well phenomenologically [11, 31], al-
though the results depend on the actual value used for the
cut-off and some cut-off artifacts can be seen. The other
point of view is the one used in the standard renormal-
ization procedure, by taking the cut-off to infinity. Along
this line, works based on renormalization with boundary
conditions [19, 20], subtractive renormalization [26, 27]
and renormalization with one counter term have been
shown to be equivalent [29], though they are not very
successful phenomenologically [30].
Another possibility to obtain regularization indepen-
dent results is to use the N/D method [33], since no
regulators are needed even for singular interactions. The
method only uses the unitarity and analytical properties
of partial wave amplitudes and gives rise to a linear inte-
gral equation (IE), from which the scattering amplitude
can be calculated. The IE stems from appropriate dis-
persion relations, which can include extra subtractions.
The input for the N/D IE is the discontinuity of the
partial-wave projected T matrix along the left-hand-cut
(LHC), that we denote by ∆(A) whereA = k2 (with k the
on-shell center of mass three-momentum). This disconti-
nuity stems from the explicit degrees of freedom included
in the theory. In this way, an advantage of the method is
that the counter terms of the EFT, i.e., zero-range inter-
actions that are allowed by symmetry and that absorb
the infinities generated by loop diagrams, do not give
any contribution to this discontinuity. Nonetheless, their
physical effects can be reproduced by including appro-
priate subtraction constants, up to reaching the desired
accuracy. Related to this, since ∆(A) is the dynamical
input when referring to the order of our calculation we
strictly refer to the order in which the LHC discontinu-
ity of the potential is evaluated, which coincides with
2the Weinberg counting. The traditional shortcut of the
N/D method up to now is that for a given potential
the discontinuity ∆(A) is not known a priori, and the
approximation typically made is to calculate it pertur-
batively. This approach has been pursued by Oller et al
using Chiral Perturbation Theory (ChPT) up to NNLO
and reproducing low-energy NN phase shifts with good
precision [34–37].
The N/D method [33] writes down a NN partial wave
as T (A) = N(A)/D(A) and such that N(A) and D(A)
have only LHC and right-hand cut (RHC), respectively.
From elastic unitarity and the definition of ∆(A) as the
LHC discontinuity of T (A), D(A) andN(A) satisfy along
their respective cuts:
ImD(A) = −ρ(A)N(A) , A > 0 (1)
ImN(A) = ∆(A)D(A) , A < L
where L = −m2pi/4 and ρ(A) = MN
√
A/4pi is the phase
space, with MN the nucleon mass. In terms of the imagi-
nary parts given in Eq. (1) one can write down in a stan-
dard way dispersion relations for the functions D(A) and
N(A). The general form of these equations with an arbi-
trary number of subtractions can be found in Eq.(14) of
Ref. [35]. Here we use the N/D method with the num-
ber of subtractions necessary to fit the effective range
expansion
k cot δ = −1
a
+
1
2
rk2 +
∑
i=2
vik
2i (2)
at a certain order. As in the N/D method the functions
N(A) and D(A) are defined up to a constant we have to
perform at least one subtraction, which is usually done
for D(A) fixing D(0) = 1. The equations are:
D(A) =1− iMN
√
A
4pi2
∫ L
−∞
dωL
D(ωL)∆(ωL)
(
√
ωL +
√
A)
√
ωL
N(A) =
1
pi
∫ L
−∞
dωL
D(ωL)∆(ωL)
(ωL −A)
(3)
We will call this approximation, which has no free pa-
rameters, the regular case (or N/D01), since for regular
interactions the solutions are completely fixed by the po-
tential and must coincide with the ones given by the LS
equation.
If we want to fit the scattering length we can take an
additional subtraction in N(A) and we obtain the inte-
gral equation for the N/D11 case, which reads
D(A) =1 + ia
√
A+ i
AMN
4pi2
∫ L
−∞
dωL
D(ωL)∆(ωL)
ωL(
√
A+
√
ωL)
where we see the independence on the subtraction point
and the explicit dependence on the scattering length a.
If we perform an additional subtraction in D(A) we
can fix also the effective range (case N/D12). Finally,
by taking an additional subtraction in N(A) we fix v2
(case N/D22). Explicit expressions for these cases can
be found in Refs. [35, 38].
It is worth mentioning here two points already dis-
cussed in Sec.II.A of Ref. [34]. First, the number of
subtractions in N(A) is always less or equal to that
taken in D(A) because otherwise some of the RHC inte-
grals in D(A) would be divergent. Second, any possible
Castillejo-Dalitz-Dyson pole [39] in the D(A) function
can be remove by taking one more subtraction at the
same time in N(A) and D(A).
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FIG. 1: Results for the 1S0 LHC discontinuity ∆(A) for the
unphysical value of gA = 6.80. The solid lines shows ∆(A) in-
cluding contributions of 1pi (green), 2pi (blue), 3pi (magenta),
4pi (light-blue) and the solution of Eq. (9) (red points). The
asymptotic expression Eq. (10) is shown by the black dots
above k > mpi.
One-pion exchange (OPE) at leading in ChPT for the
singlet 1S0 partial wave can be written as
V (p′, p) =
g2A
4f2pi
m2pi
2p′p
Q0(z) + C0 (4)
where Q0(z) =
1
2 log[(z + 1)/(z − 1)] and z = (p′2 +
p2 + m2pi)/2p
′p. Here the delta-like contribution of the
OPE potential has been included in the contact term
C0. The latter does not generate contribution to ∆(A)
(as well as any other polynomial that were added to the
right-hand side of Eq. (4) corresponding to local terms).
The contribution of OPE to ∆(A) stems entirely from
the function Q0(z) evaluated on-shell, and is given by
∆1pi(A) = θ(L − A) g
2
A
4f2pi
pim2pi
4A . The once iterated OPE
contribution using dimensional regularization has been
evaluated by the Mu¨nich group [6] and its contribution
to the LHC discontinuity, already used within the N/D
method in Refs. [34, 35], is
3∆2pi(A) = θ(4L−A)
(
g2Am
2
pi
16f2pi
)2
MN
A
√
−A log
(
2
√
−A
mpi
− 1
)
(5)
We have evaluated the contribution of twice and three-times iterated OPE finding
∆3pi(A) = θ(9L−A)
(
g2Am
2
pi
4f2pi
)3(
MN
4pi
)2
pi
4A
∫ 2√−A−mpi
2mpi
dµ1
1
µ1(2
√−A− µ1)
θ(µ1 − 2mpi)
∫ µ1−mpi
mpi
dµ2
1
µ2(2
√
−A− µ2)
(6)
∆4pi(A) = θ(16L−A)
(
g2Am
2
pi
4f2pi
)4(
MN
4pi
)3
pi
4A
∫ 2√−A−mpi
3mpi
dµ1
1
µ1(2
√−A− µ1)
θ(µ1 − 3mpi)
∫ µ1−mpi
2mpi
dµ2
1
µ2(2
√
−A− µ2)
θ(µ2 − 2mpi)
∫ µ2−mpi
mpi
dµ3
1
µ3(2
√
−A− µ3)
. (7)
For a diagram with n pions we infer from the structure of the evaluated ∆mpi(A), 1 ≤ m ≤ 4, that
∆npi(A) = θ(n
2L−A)
(
g2Am
2
pi
4f2pi
)n(
MN
4pi
)n−1
pi
4A
n−1∏
j=1
θ(µj−1 − (n+ 1− j)mpi)
∫ µj−1−mpi
(n−j)mpi
dµj
1
µj(2
√
−A− µj)
(8)
with µ0 ≡ 2
√
−A. This is the formal solution of the IE
∆˜(A, µ¯) = ∆1pi(A) +
(
MNA
pi2
)
θ(µ¯− 2mpi)
∫ µ¯−mpi
mpi
dµ
∆1pi(A)∆˜(A, µ)
µ(2
√
−A− µ) (9)
such that ∆(A) = ∆˜(A, 2
√
−A). This IE gives the con-
tribution to the LHC discontinuity in the 1S0 partial
wave of the iterated OPE contribution when solved for
µ¯ ∈ [mpi , 2
√
−A]. Notice that, the denominator in the IE
never vanishes and the limits of the integration are finite
for
√−A <∞. A rigorous proof of Eq. (9) and the gen-
eralization to other partial waves and interactions will be
given in a forthcoming paper [38]. An important point
to notice here is that in the general case, even for sin-
gular interactions, ∆(A) is finite. The divergent part of
the LS equation in the LHC, if present, would affect only
the real part of T , which is not an input for the N/D
method.
When
√−A≫ mpi we can solve algebraically the IE of
Eq. (9) and obtain the asymptotic behavior of the LHC
discontinuity which is given by
∆(A) =
λpi2
MNA
e
2λ√
−A arctanh
(
1− mpi√−A
)
(10)
with λ =
g2Am
2
pi
4f2pi
MN
4pi .
For the physical case with gA = 1.26 the twice iterated
OPE reproduces closely the non-perturbative results. Be-
cause of this we consider the unphysical larger value1
1 This value is chosen to reproduce the physical scattering length
gA = 6.80 and show in Fig. 1 the comparison of the LHC
discontinuity including ∆1pi (green), ∆2pi (blue), ∆3pi
(magenta), ∆4pi (light blue), the result of Eq. (9) (red
points) and the asymptotic expression Eq. (10) (black
points), which is only taken for k > mpi. In this case the
contributions up to 4 pion exchanges are sizable.
Now that we have the contribution to the LHC dis-
continuity of the iterated OPE to any order, we can use
the N/D method to calculate the partial-wave ampli-
tude along the physical region (A > 0). As OPE in
the singlet case is a regular interaction we can perform
a regular N/D calculation and compare with the result
of the LS equation. As mentioned before, OPE in the
1S0 partial wave is weak, and in order to see the effect
of higher-order iterative diagrams in the calculation of
∆(A) we change the axial coupling constant to the un-
physical value gA = 6.80. The results for the phase-shifts
are given in Fig. 2 where we can see that now the prob-
lem is non-perturbative; even including 4pi exchange is
not enough to reproduce the phase shift. However with
the solution of Eq. (9) we reproduce the calculation of
the LS equation. Note that here we take the prescription
a = −23.75 fm from the LS equation and the N/D01 case.
4of zero phase shift at infinite energy.2
as (fm) r (fm) v2 (fm
3)
∆1pi -23.75 8.56 15.3
∆2pi -23.75 8.80 17.7
N/D11 ∆3pi -23.75 8.88 18.4
∆4pi -23.75 8.90 18.6
Non-perturbative -23.75 8.90 18.7
∆1pi 1.66 0.714 -0.168
∆2pi 3.53 2.03 -5.70 10
−2
N/D01 ∆3pi 1.80 1.15 -8.71 10
−2
∆4pi -6.89 13.7 47.5
Non Perturbative -23.75 8.90 18.7
TABLE I: Effective range parameters for the N/D calculation
for the unphysical value of gA = 6.80.
At this point it is interesting to check what we get
if use the N/D method with one subtraction fixing the
scattering length to the value obtained from the LS equa-
tion. This is given in Fig 3 where we can see that if we
include in ∆(A) the solution of Eq. (9) we recover exactly
the result without subtractions. However in this case the
contributions of the iterative diagrams to ∆(A) look per-
turbative and with 4pi exchange we almost recover the
exact result. Note that here we take the prescription of
zero phase shift at threshold.
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FIG. 2: Results for the 1S0 phase-shift up to k = 400 MeV
with OPE for the N/D01 case and gA = 6.80. The dots show
the result of the LS equation while the solid lines are the
N/D method including in ∆(A) contributions of 1pi (green),
2pi (blue), 3pi (magenta), 4pi (light-blue) and the solution of
Eq. (9) (red).
2 Levinson theorem, which is valid for regular interactions, implies
that there are two bound states.
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FIG. 3: Results for the 1S0 phase-shift up to k = 400 MeV
with OPE for the N/D11 case and gA = 6.80. Lines are the
same as in Fig. 2.
In Table I we give the first three effective range parame-
ters for both calculations, the regular one and the N/D11.
For the latter the parameters vary slowly when more pion
exchanges are added. For the regular solution, due to
the fact that the system is highly non-perturbative, we
do not see a convergent pattern, it will probably show up
at a much higher order. However the final result in both
prescriptions agrees.
These considerations show how a non-perturbative
problem (with respect to the contributions from the LHC
discontinuity to the physical partial-wave amplitude) is
almost perturbative once one extra subtraction (or more)
are taken.
We now compare the results given by the N/D method
with those of the LS equation renormalized with one
counter term. We use three different regulators. The
first one corresponds to a monopole form factor which
gives the partial wave projection
V1(p
′, p) = C10
Λ2
2p′p
Q0(zΛ) (11)
where zΛ =
p′2+p2+Λ2
2p′p and has the same analytical prop-
erties as the OPE. The second and third ones are Gaus-
sian type form factors
Vi(p
′, p) = Ci0e
−
(
p′
Λ
)
2ni−( pΛ)
2ni
(12)
where n2 = 2 and n3 = 3 and have different analyt-
ical properties. In all cases for each value of Λ we
determine Ci0 to reproduce the
1S0 scattering length
a = −23.75 fm. We also calculate the LS equation using
subtractive renormalization [26, 27]. It has the advantage
that the counter term is removed from the equations and
they depend explicitly on the low energy constant fixed,
e.g. the scattering length a.
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FIG. 4: Results for the 1S0 phase-shift at k = 400 MeV with
OPE as a function of 1/Λ. The dots show the result of the
LS renormalized with one counter term as in V1 (red), V2
(green) and V3 (blue). A linear fit to extrapolate to Λ →
∞ is also shown. The solid black line gives the result from
subtractive renormalization. The dashed lines show results
of the N/D method with one extra subtraction including in
∆(A) contributions of 1pi (green), 2pi (blue), 3pi (magenta),
4pi (light-blue) and the non-perturbative calculation (red).
To compare with the result of the N/D method we
have to make an extrapolation to Λ→∞. In order to do
that we plot in Fig. 4 the phase shift for k = 400 MeV
as a function of 1/Λ. In the Figure the dots represent
the phase-shifts obtain with the LS equation with the
counter terms introduced as in V1 (red), V2 (green) and
V3 (blue). These plots show a linear behavior and we
make a linear fit to obtain the phase-shift at 1/Λ = 0.
The solid black line shows the result from subtractive
renormalization [26, 27]. The dashed lines correspond to
the results obtained from the case N/D11 with the same
colors as in Fig. 2. In this scale contributions from 3pi
exchange can be observed. The final result agrees very
well with the extrapolation made by the fit and this does
not depend on the particular regulator used.
Finally, we give in Fig. 5 the phase shifts that result
in the N/D method with ∆(A) calculated from the LO
ChPT potential. The cases N/D11, N/D12 and N/D22
are shown. The subtraction constants are fixed using
a = −23.75 fm, r = 2.66 fm and v2 = −0.63 fm3.
We now perform the N/D method calculation with sin-
gular interactions given by the NLO and NNLO Chiral
Effective Field Theory contributions [6]. At NNLO we
use the LEC’s c1 = −0.74 GeV−1, c3 = −3.61 GeV−1
and c4 = 2.44 GeV
−1 obtained from the piN Roy-Steiner
equations matched to ChPT [42]. However, due to the
singular character of the interaction not all the N/D
equations converge (contrary to the regular case of the
Yukawa potential at LO). Indeed, since the interactions
are singularly attractive one would expect no solution for
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FIG. 5: The 1S0 phase-shift obtained from OPE and the N/D
method. The black dots with errorbars are the Granada np
phase-shift analysis [40] and the red dots with errorbars are
the Nijmegen 93 partial wave analysis [41]. The solid blue line
is the result with one extra subtraction, the magenta with two
and the red with three.
the regular case and a well defined solution for the N/D11
case, and this is what we obtain.3 The case N/D12 does
not converge, which explains from first principles why
when trying to fix only a and r no solutions were ob-
tained in the LS studies of Refs. [27, 29]. The N/D22
equations give a well defined result. Detailed discussions
on the calculation of ∆(A) and about the convergence
of different calculations will be given in a forthcoming
paper [38].
In Figs. 6 and 7 we show the results that stem from
the calculations employing the NLO and NNLO ChPT
potentials, respectively. We use the same values for a, r
and v2 and the same colors as in Fig. 5, additionally we
also include as blue dots the result of subtractive renor-
malization.
In this work we did not perform a thorough fit of the
phase shifts since the electromagnetic and charge symme-
try breaking effects, which are important at low energies,
has not been included yet. However, this work shows that
the 1S0 partial wave could be reproduced with good accu-
racy with the NNLO ChPT potential within the N/D22-
case calculation.
A remarkably interesting feature of the N/D method
over the LS equation is that one can calculate straightfor-
wardly the scattering amplitude in the whole A-complex
plane, onceD(A) is known along the LHC, cf. Eq. (3). In
this way, one could study directly the bound states, vir-
tual states and resonances associated with the calculated
3 This expectation is based on the fact that a singularly attractive
interaction requires to fix a constant relative phase [29, 43].
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FIG. 6: The 1S0 phase-shift from the NLO ChPT potential.
The solid blue dots are the result of the LS equation with
subtractive renormalization. The meaning of the dots is the
same as in Fig. 5 and each line corresponds to the same type
of N/D equations as there.
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FIG. 7: The 1S0 phase-shift from the NNLO ChPT potential.
For the meaning of the lines and dots see Fig. 6.
partial-wave amplitude. The large scattering length in
the 1S0 partial wave is a signal of an antibound state.
We can calculate the T matrix in the second Riemann
sheet [TII(A) = N(A)/DII(A)] using the analytical con-
tinuation of the first Riemann sheet given by
T−1II (A) = T
−1(A) + 2iρ(A) (13)
where ρ(A) is evaluated such that Im(
√
A) > 0. So
the antibound state is given by the zeros of DII(A).
With one subtraction we obtain −0.070 MeV at LO, and
−0.067 MeV for the NLO and NNLO cases. Using more
than one subtraction we get −0.066 MeV in all cases.
In summary, we have deduced for the first time in
the literature an IE to obtain the full discontinuity of
a partial-wave amplitude along the LHC, ∆(A). This
is then implemented within the N/D method, with ex-
act discontinuities both along the LHC and RHC. In this
way, we obtain the equivalence between the N/D method
and the the LS equation for a Yukawa potential (regular
potential). We also apply the method with the NLO and
NNLO ChPT potentials, which are examples of singular
attractive interactions [29]. The equivalence of the N/D
method with one extra subtraction and the LS equation
renormalized with one counter term or with subtractive
renormalization holds in this case as well. Within the
N/D method one can also include extra subtractions con-
stants; we have done it up to three extra subtractions,
which reproduces accurately the 1S0 NN phase shifts of
the Granada group analysis [40] when the NNLO ChPT
potential is used. This goes definitely beyond the present
nonperturbative solution of the LS equation in momen-
tum space renormalized with counter terms, for which
theoretical control in the regulator independent case is
achieved only when taking one or none counter term
[27, 29]. Our results are far reaching and could be of
great interest for atomic, molecular, nuclear and particle
physics in which singular attractive potentials and short
range interactions usually appear.
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